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We uncover topological features of neutral particle-hole pair excitations of correlated quantum
anomalous Hall (QAH) insulators whose approximately flat conduction and valence bands have equal
and opposite non-zero Chern number. Using an exactly solvable model we show that the underlying
band topology affects both the center-of-mass and relative motion of particle-hole bound states.
This leads to the formation of topological exciton bands whose features are robust to nonuniformity
of both the dispersion and the Berry curvature. We apply these ideas to recently-reported broken-
symmetry spontaneous QAH insulators in substrate aligned magic-angle twisted bilayer graphene.
Introduction.—The structure of the ground states of
condensed matter systems intricately affects their low-
temperature properties, and is imprinted in the spectrum
of low-energy quasiparticles and long-wavelength collec-
tive excitations. Electrical insulators generically break
no continuous symmetries and hence lack gapless collec-
tive modes, and are gapped to charge transport in their
bulk. However, interactions can stabilize neutral exci-
tons, bound states of a hole in the valence band and an
electron in the conduction band. While also gapped, exci-
tons typically have lower energy than charged excitations
and dominate the optical response of direct-gap semicon-
ductors, where they can be excited at zero wavevector.
More generally, excitons form at a fixed ‘center of mass’
(CM) wavevector q set by the momentum separation be-
tween the valence band maximum and conduction band
minimum. The spectrum and transport properties of ex-
citons can also be modified by the topology of the elec-
tronic bands near these extrema [1, 2]. This is captured
by the excitonic Berry curvature [3] linked to the evolu-
tion of the two-particle bound state across its Brillouin
zone (BZ). Such considerations are relevant, for example,
to two-dimensional transition-metal dichalcogenides [4],
where the valley-contrasting anomalous velocity of exci-
tons has been experimentally observed [5].
Here, we focus on excitons in correlated insulators
formed in Moire´ heterostructures of twisted bilayer
graphene (TBG) aligned with hexagonal boron nitride
(hBN). In the ‘magic angle’ regime, absent interactions,
the relevant band structure has a gapped Dirac disper-
sion with four degenerate bands below and above charge
neutrality [6, 7]. Members of each degenerate quartet are
labeled by spin (σ =↑, ↓) and valley (τ = ±) indices. The
valleys correspond to the ±K points of the single-layer
BZ, have Chern numbers C = τ , and are interchanged
by time-reversal symmetry (TRS). At integer filling, the
suppressed bandwidth (. 10 meV) allows interactions to
stabilize TRS-breaking valley- and spin-polarized states
in which a partial subset of the bands is fully occupied —
a mechanism proposed to explain the observed quantized
anomalous Hall (QAH) response in hBN-TBG [8].
We identify several striking features of the exciton
spectrum in hBN-TBG linked to the flatness and non-
trivial Chern number of the underlying single-particle
bands coupled with the spontaneous breaking of time-
reversal and spin rotation symmetries. We root our un-
derstanding of universal topological features in an ana-
lytically tractable model that mimics the features of the
hBN-TBG band structure by leveraging the mapping be-
tween |C| = 1 Chern bands and Landau levels (LLs).
Our four-band model has perfectly flat dispersion and
uniform Berry curvature, and consists of spinful electron
LLs whose Chern number has a sign set by a two-fold de-
generate valley index. We examine excitations of a fully
spin-and-valley-polarized state with one filled LL. We
show that the intravalley spin-wave mode has the gap-
less quadratic dispersion expected for Goldstone modes
of a conserved order parameter, consistent with closely
related quantum Hall ferromagnets [9, 10]. In striking
contrast, we show that the intervalley excitonic bands of
our model are gapped and exactly flat. The flatness of
the bands admits low-energy q = 0 excitons throughout
the BZ, and also leads us to consider the dynamics of
the excitonic CM which is conjugate to q. Strikingly, we
find that the CM motion experiences significant anoma-
lous velocity, linked to the Berry curvature of the evolu-
tion of the particle-hole pair wavefunction as q evolves
across the CM. We demonstrate that these qualitative
features survive the introduction of finite bandwidth and
Berry curvature inhomogeneity, and discuss the results in
a microscopic model of hBN-TBG. Our work illustrates
that correlated ground states in Moire´ heterostructures
can host unconventional excitations, whose many-body
physics we explore elsewhere [11].
Exactly solvable model.— We exploit the topological
equivalence between |C| = 1 Chern bands and LLs, and
consider a system of four flavors of electronic LLs con-
fined to the plane (Fig. 1b). The two valleys τ = ± ex-
perience opposite magnetic fields B = −τBzˆ, chosen to
model the Chern band structure of TBG, and we neglect
Zeeman splitting since there is no real external magnetic
field. In Landau gauge Aτ = −τBxyˆ, the lowest Landau
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2level (LLL) wavefunctions are φkτ (r) ∝ eikye− (x−τk)
2
2 ,
which are created by c†kτσ. We take `B ≡ (~/eB)1/2 = 1
throughout. The projected LLL Hamiltonian is [12]
Hˆ =
1
2
∑
kpq
ττ ′σσ′
Vττ ′(k, p, q)c
†
k+q,τσc
†
k+p−q,τ ′σ′ck+p,τ ′σ′ck,τσ
−
∑
kpτσ
Vτ+(k, p, 0)c
†
kτσckτσ + const., (1)
where the second line is a uniform background charge
(equivalent to a filled τ = + LL), and U(r) = e2/r de-
scribes Coulomb interactions with LLL matrix elements
Vττ ′(k, p, q) ≡ 〈k + q, τ ; k + p− q, τ ′| Uˆ |k, τ ; k + p, τ ′〉.
The form of (1) is motivated by TBG, where interac-
tions have SU(2) spin rotation invariance and intervalley
contributions are suppressed relative to intravalley terms.
We consider a uniform fully spin- and valley-polarized
ground state, assuming (without loss of generality) that
(τ, σ) = (+, ↑), viz. |G〉 ≡ ∏k c†k+↑ |vac〉. Following
Ref. [12], we compute the collective mode spectrum in the
time-dependent Hartree-Fock approximation (TDHFA,
equivalent to the generalized random phase approxima-
tion [13]). To do so, we solve the dynamics restricted to
the basis of single PH pairs, created by the neutral oper-
ators b†τσ(k, q) ≡ c†k+q,τσck,+↑ (where q is the momentum
transfer) that satisfy the equation of motion
−i∂tb†τσ(k, q) =
(
HFτσ (k + q)− HF+↑ (k)
)
b†τσ(k, q)
−
∑
k′
Vτ+(k + q, k
′ − k − q, k′ − k)b†τσ(k′, q), (2)
where (τ, σ) 6= (+, ↑), and the k-independent Hartree-
Fock (HF) energies are HFτσ = −δσ↑δτ+
∑
p V++(·, p, p).
Eq. (2) is closed for a given τ , σ, and q as these are
conserved by the Hamiltonian. Thus, TDHFA is exact
for the one PH subspace when we neglect LL mixing.
We solve (2) by finding operators γ†τσ(q) =∫
dk ψqτσ(k)b
†
τσ(k, q) such that to leading order in γτσ(q)
[Hˆ, γ†qτσ(k)] = ωτσ(q)γ
†
qτσ(k), where ωτσ(q) is the exci-
tation energy. The coefficients ψqτσ(k) satisfy(
UHF − ωτσ(q)
)
ψqτσ(k) =
∫
dk′ Tq,τ (k, k′)ψqτσ(k′), (3)
with kernel Tq,τ (k, k
′) = Ly2pi Vτ+(k
′ + q, k − k′ − q, k −
k′), where UHF =
√
pi
2
e2
`B
. Discretizing Eq. (3) yields
a 1D hopping problem for each q, with matrix element
Tq,τ (k, k
′) between sites k, k′.
Intravalley spin-wave mode.— For (τ, σ) = (+, ↓) and
fixed q, the hopping kernel Tq,τ (k, k
′) depends only on
k − k′. With the ansatz ψqτσ(k) ∼ eikα [12], the energy
of this spin wave collective mode is given by [9, 10]
ω+↓(q, α) = UHF −
∫
dk eikαV++(·, k − q, k), (4)
FIG. 1. (a) Schematic of the four-band LLL model at ν = 1
showing the exchange-splitting UHF =
√
pi
2
e2
`B
and the dif-
ferent neutral excitation types. (b) Spin wave energy (blue
curve) as a function of y-momentum q for α = 0. Horizontal
lines show the momentum-independent valley-flip exciton en-
ergies. Both modes saturate to UHF. (c) Intervalley exciton
spectrum at qx = 0 in the magnetic Brillouin with increas-
ing bandwidth w = 0.01, 0.02, 0.03. Finite-size artifacts arise
from discretization on a 20× 20 momentum-space mesh.
plotted in Fig. 1a. The dispersion is isotropic in the (q, α)
plane, and α can be interpreted as the x-momentum [12].
ω+↓(q) is gapless and quadratic for q → 0 [9, 10, 14] and
as q →∞ it saturates to UHF (the loss of exchange energy
in creating a hole) since in this limit electron and hole are
sufficiently distant that their Coulomb energy vanishes.
Intervalley exciton mode.— A more interesting case is
that of intervalley excitations where τ = −. The spec-
trum is spin-independent since Hˆ is SU(2)-symmetric. In
fact, the spectrum ω−σ(q) is also independent of q, and
hence macroscopically degenerate — a consequence of the
‘shift symmetry’ of the kernel, Tq,−(k, k′) = Tq+2δ,−(k −
δ, k′−δ) [15], where increasing q by δ corresponds to shift-
ing the effective 1D hopping problem by −δ/2. The sign
and the factor of two is strongly suggestive of the notion
that b†τσ(k, q) creates an excitation that couples to the
magnetic field with an effective strength 2eB (recall the
position-momentum locking of LLs, 〈x〉 = τkl2B). This
leads to a discrete q-independent spectrum of excitonic
bound states (Fig. 1a) described by harmonic oscillator
wavefunctions ψqτσ(k;n) ∝ Hn
[√
2(k+ q2 )
]
e−(k+
q
2 )
2
cen-
tered at −q/2, where Hn is a Hermite polynomial corre-
sponding to LLs in an effective magnetic field 2B.
For rotationally invariant interactions we can capture
key features of the excitons [11, 15] by working in sym-
metric gauge and performing a PH transformation on the
τ = + valley, yielding a two-body Hamiltonian for the +
hole and − electron. The CM sector is a LLL problem for
a charge −2e particle in −Bzˆ, yielding a macroscopic de-
generacy Nexc = 2NΦ of each valley-flip level due to the
3doubled coupling to the field. The relative motion corre-
sponds to a charge −e/2 particle in the same field and a
Coulomb central potential. Solving this in terms of Hal-
dane pseudopotentials [16] yields discrete exciton binding
energies Em = − e2`B
Γ(m+ 12 )
2Γ(m+1) (where m ≥ 0 is an integer
and Γ is the gamma function), in agreement with numeri-
cal solution of Eq. (3). The exciton is a composite neutral
object which sees an effectively doubled magnetic field,
and whose CM and relative motion are topologically non-
trivial (due to Landau quantization) for any interaction.
Semiclassical quantization also gives a macroscopic CM
degeneracy and discrete relative energy levels, because
of the Lorentz-force deflection of electrons and holes as
they attract in opposing magnetic fields. In contrast, for
the usual case of identical fields the CM of the PH pair
evolves in zero field and its energy is non-degenerate [17].
Perturbations away from the LL limit.— We are inter-
ested in studying Chern bands with small but non-zero
dispersion and non-uniform Berry curvature. To model
effects of the single-particle dispersion in our LL model,
we transform to the magnetic Bloch basis indexed by two-
dimensional momenta k in the magnetic BZ. Picking a
square unit cell with side a =
√
2pi enclosing unit flux,
the single-particle magnetic Bloch operators are [6] d†kτ =
1√
Nx
∑Nx−1
n=0 e
iτkx(ky+nQ)c†ky+nQ,τ where Q =
2pi
a is the
BZ length and the spin index has been dropped as we
are focusing on intervalley modes. Following Ref. [6] we
introduce a potential V (r) = −w(cos( 2pixa ) + cos( 2piya )),
which is diagonal in this basis and projects to a single-
particle dispersion k = −we−pi2 (cos kxa+ cos kya) in the
LL. Solving the discretized TDHFA equations, we find
that exciton energies evolve with the CM momenta q,
forming bands within the BZ (Fig. 1c). The topology of
exciton bands is encoded in their Berry curvature [3], as
we now summarize [15]. The exciton state is [18]
|ψexcq 〉 =
∑
k
ψq(k)d
†
k+ q2 ,−dk− q2 ,+ |G〉 . (5)
After PH-transforming the + valley, we can write
|uexcq 〉 = e−iqRˆ
∑
k
ψq(k) |φk+ q2 ,−〉 |φ
∗
k− q2 ,+〉 , (6)
where |φk,τ 〉 are the single-particle Bloch states, and
the e−iqRˆ prefactor ensures that the cell-periodic part
|uexcq 〉 of |ψexcq 〉 satisfies q-independent boundary condi-
tions [19]. The Berry connection and gauge-invariant
Berry curvature are then computed from |uexcq 〉. If aτ =
i 〈uτq|∇q |uτq〉 and fτ = ∇q × aτ (q) are the Berry con-
nection and curvature of the underlying single-particle
bands, the exciton Berry curvature takes the form
Ωexc(q) = Ωsp(q) + Ωe(q) + Ωsp,e(q), (7)
where (defining k± = k ± q2 ) the first contribution
Ωsp(q) =
i
4
∑
k
|ψq(k)|2{f+(k−)− f−(k+)} (8)
stems from the single-particle Berry curvature,
Ωe(q)= i
∑
k
∂qxψq(k)∂qyψ
∗
q(k)−∂qyψq(k)∂qxψ∗q(k) (9)
captures the BZ evolution of the envelope function, and
Ωsp,e(q) =
i
2
∑
k,τ=±
{∂qy |ψq(k)|2a−τx (kτ )− (x↔ y)}(10)
describes the coupling between the envelope function and
the single-particle Berry connection. (Due to the am-
biguity in defining a and the phase of ψk(q), only the
combination Ωe + Ωsp,e is gauge-invariant.) Numerically
Ωexc(q) is computed on a finite k-mesh by computing
gauge-invariant (non-Abelian) lattice field strengths [20].
Integrating Ωexc(q) over the BZ gives a quantized exciton
Chern number Cexc =
∫
BZ
d2q
2pi Ωexc(q).
Armed with this definition we return to our discussion
of perturbing the solvable limit. At w = 0 the bands are
flat and two-fold degenerate [22], consistent with the CM
experiencing a doubled effective field. As the bandwidth
is increased, the upper levels merge into a continuum,
which engulfs additional bands as w grows (Fig. 1c). At
large enough w the lowest exciton band dips below E = 0,
signaling an instability to a partially-polarized state at
the one-exciton level. We also introduce Berry curva-
ture inhomogeneity by artificially deforming the Landau
gauge states [15], and find that this leads to a weak exci-
ton dispersion but preserves the Chern numbers. These
results illustrate that the exciton dispersion arises from
the interplay of the underlying band geometry, topology,
dispersion, and interactions. We have also explicitly veri-
fied that low-lying exciton bands remain topological with
Cexc = 1 under these perturbations, even as they acquire
dispersion and Berry curvature fluctuations of their own.
Microscopic calculation in TBG.— We now turn to
spin and valley-flip excitons of hBN-TBG, for which our
starting point is the continuum model of Ref. [21] with
twist θ ' 1.05◦ lying in the magic angle regime. We
choose the sublattice-dependent inter-layer couplings to
be wAA = 0.08 eV and wAB = 0.11 eV to account for
lattice relaxation effects [23, 24]. The hBN alignment is
introduced via a sublattice splitting |∆| = 20 meV on the
bottom layer. We use a dual-gate screened interaction
U(q) = e
2
20q
tanh(qdsc) with relative permittivity  = 9.5
and screening length dsc = 40 nm [25]. For simplicity, we
project to the central conduction bands, and consider the
initial state to be |G〉 = ∏k c†k,+↑c†k,+↓c†k,−↑ |vac〉 where
the subscript +(−) refers to valley ±K. Analogous to
the LL problem, the two neutral excitations of interest
are spanned by the basis of spin-flip and valley-flip PH
operators. Diagonalizing within the subspace of single-
PH states, we compute the spectra shown in Fig. 2a.
Consistent with previous studies that focused on ener-
getics [14, 26], we find that the spin-flip mode is gapless
and disperses quadratically at zero momentum, while the
4FIG. 2. (a) Spin- and valley-flip exciton spectrum of ν = 3 QAH state of TBG using the continuum model [21], shown along
the KM-ΓM-KM line in the moire´ BZ (mBZ). (b) As substrate potential is varied, intervalley exciton bands cross at three points
in the mBZ in a topological transition where the Chern numbers of the lowest bands change as indicated with |∆Cexc| = 3.
(c) Berry curvature (normalized so that the sum over all mBZ cells is quantized in units of 2pi) and exciton energy for the
lowest valley-flip band of (a) in the Moire´ BZ. The origin ΓM and the reciprocal lattice vectors b
1(2)
M =
√
3kθ(±1/2,
√
3/2) are
indicated, where the Moire´ wavevector kθ =
8pi
3
√
3a
sin θ
2
. (d) Same as (c) but for the Cexc = −3 band of the final panel of (b).
valley-flip mode is gapped. The energetic separation and
narrow bandwidth ' 1 meV of the lowest valley-flip ex-
citon band (Fig. 2c) is promising for flat-band physics.
For the above parameters, we find that the lowest ex-
citon band has Cexc = 0, whereas the first excited band
has Cexc = −1. We emphasize however that the physics
of TBG shows large sample-to-sample variations sensitive
to the precise device parameters and experimental condi-
tions. Indeed, by varying the substrate strength, we can
induce a set of band touching events which renders the
lowest exciton band topological (Fig. 2b,d). This reveals
that the different terms in Eq. (7) can give competing
contributions to the exciton Berry curvature. Specifi-
cally, the non-trivial structure of the envelope function
ψq(k) can render exciton bands trivial even if the under-
lying single-particle bands have equal and opposite Chern
numbers and yield a nonzero gauge-invariant Ωsp(q). De-
spite these subtleties, it seems likely that hBN-TBG and
other spontaneous QAH systems can host low-lying topo-
logical exciton branches in realistic parameter regimes.
Discussion.— We have studied the properties of exci-
tons constituted of particles and holes from bands with
equal and opposite Chern numbers, focusing on the Berry
curvature experienced by the exciton center-of-mass mo-
mentum as it evolves across the BZ. We first studied a
solvable model and then showed that universal features
are stable to including finite dispersion and Berry cur-
vature inhomogenieties. Using these insights, we anal-
ysed the topology of the low-lying exciton dispersion in
hBN-TBG. For realistic interactions we find substantial
exciton Berry curvature, integrating to a non-zero Chern
number for the lowest exciton band in a subset of the
explored parameter space.
As with other topological collective modes [27–29], a
non-zero Chern number for a bulk exciton band indicates
the presence of chiral exciton modes [30–32] localized at
the boundary of the QAH domain, traversing the bulk
gap to connect the band to one with a distinct Chern
number. These modes allow unidirectional exciton trans-
port, acting as chiral channels for valley charge, but only
emerge in TBG for a narrow range of parameters. How-
ever, even when the lowest exciton band has Cexc = 0,
we nevertheless find substantial curvature inherited from
the underlying Chern bands (Fig. 2c ). This can drive
anomalous exciton transport in the bulk [3, 5]. Each
valley-flip exciton of QAH systems such as hBN-TBG is
associated with a U(1) valley charge. Since the latter is
to very good approximation conserved in these systems,
excitons are likely long-lived. Direct optical addressing of
these excitons is challenged by the momentum mismatch
between the valleys; however, it may be possible to sup-
ply this ‘missing momentum’ from another source, e.g.
phonons [33]. As conserved bosons in a flat topological
band, these valley-flip excitons are a potential platform
for engineering neutral bosonic quantum Hall states, a
question that we address in a companion work [11].
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6SUPPLEMENTARY INFORMATION FOR “EXCITON BAND TOPOLOGY IN SPONTANEOUS
QUANTUM ANOMALOUS HALL INSULATORS: APPLICATIONS TO TWISTED BILAYER
GRAPHENE”
Coulomb Matrix Elements
In this section we give expressions for the interaction matrix elements that enter the TDHFA equations for the
collective modes of the lowest Landau levels in opposite fields. We define
Vτ1τ2τ3τ4(k, p, q) ≡ 〈k + q, τ1; k + p− q, τ2| Uˆ |k, τ4; k + p, τ3〉
=
∫∫
drdr′ U(r − r′)φ∗k+q,τ1(r)φ∗k+p−q,τ2(r′)φk+p,τ3(r′)φk,τ4(r).
(S1)
where U(r) = e2/|r| and φk,τ (r) = 1√
pi
1
2 Ly
eikye−
(x−τk)2
2 . After some work, this simplifies to
Vτ1τ2τ3τ4(k, p, q) =
e2
Ly
√
2
pi
∫ ∞
−∞
dxK0(|qx|)e− 12 (x2+Bx+C) (S2)
B = k(−τ1 + τ2 + τ3 − τ4) + p(τ2 + τ3) + q(−τ1 − τ2) (S3)
C =k2
[
4− (τ1 + τ2 + τ3 + τ4)
2
4
]
+ p2
[
2− (τ2 + τ3)
2
4
]
+ q2
[
2− (τ1 − τ2)
2
4
]
(S4)
+ kp
[
4− (τ2 + τ3) (τ1 + τ2 + τ3 + τ4)
2
]
+ kq
[
− (τ1 + τ2 + τ3 + τ4) (τ1 − τ2)
2
]
(S5)
+ pq
[
−2− (τ2 + τ3) (τ1 − τ2)
2
]
, (S6)
where K0 is a modified Bessel function of the second kind. We now focus on the cases of relevance to density-density
interactions considered in the main text.
V++++
This is the only matrix element that contributes to the pure spin flip excitation. Here, B = 2(p − q) and C =
q2 + (p − q)2. Clearly V++++(k, p, q) is independent of k—this makes sense because k is some overall momentum of
the four states entering the matrix element, and this can always be removed by shifting the integrations of x, x′.
V−++−
This appears in the direct Coulomb interaction between the constituent electron and hole of a intervalley exciton.
Here, B = 4k + 2p and C = 4k2 + p2 + q2 + 4kp. From these coefficients we can deduce the very important property
V−++−(k, p, q) = V−++−(k + δ, p− 2δ, q). (S7)
This is satisfied for any interaction, not just Coulomb, and leads to the macroscopic degeneracy of each exciton energy
level as explained in the main text.
Symmetric Gauge Calculation
In this section we analyze the valley-flip collective mode problem in the symmetric gauge, which is simpler due to
the rotational invariance of the interaction. (Of course the Landau gauge is more suited to investigating the effects of
a periodic potential.) It also has the advantage of being more natural from the perspective of finite-size considerations
7(i.e. a Hall droplet). The single-particle states for the two valleys are
χm,+(z) =
Am√
pi
zme−
|z|2
4 (S8)
χm,−(z) =
Am√
pi
z∗me−
|z|2
4 (S9)
Am = (2
mm!)
− 12 , (S10)
and the Hamiltonian is (spin has been removed)
Hˆ =
1
2
∑
m1m2n1n2ττ ′
Vττ ′(n1n2m2m1)c
†
n1τ c
†
n2τ ′cm2τ ′cm1τ (S11)
Vττ ′(n1n2m2m1) ≡
∫
drdr′ Uττ ′(r − r′)χ∗n1,τ (z)χ∗n2,τ ′(z′)χm2,τ ′(z′)χm1,τ (z). (S12)
This is (m1,m2)→ (n1, n2) scattering. Angular momentum conservation imposes selection rules that depend on the
valleys involved. If τ = τ ′, we have n1 + n2 = m1 +m2. If τ 6= τ ′ we have n1 − n2 = m1 −m2. If the intervalley and
intravalley interactions are the same, we have V+−(n1n2m2m1) = V++(n1m2n2m1).
Let |G〉 = ∏m c†m+ |vac〉 be the reference ground state. The basis of single PH states will be parameterized as
|a, b〉 ≡ c†a,−cb,+ |G〉 . (S13)
Here we will fix intervalley and intravalley interactions to be the same Coulomb form – assuming otherwise won’t
change the structure of the exciton states. From the selection rules, it is easy to see that |0, 0〉 is an exact eigenstate
with energy above |G〉 of
E0,0 =
∑
n
V++(0n0n)− V+−(0000) = e
2
lB
(√
pi
2
−
√
pi
2
)
, (S14)
which matches the lowest exciton energy level described in the main text.
In fact from angular momentum conservation, the seed basis state |n, 0〉 only couples to |n, 0〉 , |n− 1, 1〉 , . . . , |0, n〉.
The matrix elements are 〈n− l′, l′| Hˆ ′ |n− l, l〉 = −V+−(l, n− l′, n− l, l′), where the prime on Hˆ ′ indicates deduction
of the ground state energy.
Solving the finite-dimensional problem generated by |n, 0〉, we obtain the exciton binding energies in Eq. (S22)
for m = 0, . . . , n. Furthermore upon examination of the eigenvectors of the lowest exciton state, we find that the
coefficients are consistent with a first-quantized wavefunction ∼ z∗ne− |u|
2
8 − |z|
2
2 (Eq. (S23)), independent of the form
of the interaction potential (as long as the m = 0 pseudopotential is the largest one). This is consistent with the toy
exciton calculation – projection of the CM to the LLL allows for a polynomial prefactor f(z∗) in the CM coordinate.
The utility of doing the collective mode calculation in the symmetric gauge is that it provides a controlled way
to count the degeneracy of exciton states as we approach the thermodynamic limit. For example, we can restrict
ourselves to only allow particle-hole pairs whose components have angular momenta ≤ N . Edge effects are apparent
by considering say |N,N〉, for which there exist no other legal states to couple to. As N →∞ we expect to recover the
physics of the bulk. Figure 3 shows that as N increases, the exciton degeneracy approaches 2N per energy level—this
makes intuitive sense since the exciton has twice the coupling to the magnetic field, and therefore has twice as many
states (per relative motion configuration).
Electron-hole Two-body Problem
Consider an electron and a hole with charges −e and e respectively, and identical masses m. They are confined to
the 2D x − y plane, and are coupled to the vector potentials Ae = −Ah = A, where the relative sign reflects the
opposite magnetic fields felt by the two particles. They interact via an attractive potential −vd(r) with vd(r) > 0, so
that the Hamiltonian is
Hexc =
(pe + eA)
2
2m
+
(ph + eA)
2
2m
− vd(r). (S15)
8N=10 N=80
FIG. 3. Ordered valley flip exciton energies in units of e
2
`B
for a system that only allows PH pairs whose components have
angular momentum ≤ N . The vertical dashed lines are spaced every 2N , which is the expected exciton degeneracy as N →∞.
The horizontal dashed lines are the expected bulk binding energies (Eq. (S22)). We have zoomed in on the first ∼ 5 exciton
energy levels.
Now transform to centre-of-mass (CM) and relative coordinates
R =
rh + r2
e
, r = rh − re (S16)
P = ph + pe, p =
ph − pe
2
. (S17)
In this basis, the Hamiltonian cleanly decouples into CM and relative sectors
Hexc = HR +Hr (S18)
HR =
(P + 2eA)2
4m
(S19)
Hr =
(p+ e2A)
2
m
− vd(r). (S20)
It will be most convenient to use the symmetric gauge A = B2 (−yxˆ+ xyˆ). The CM is a Landau level problem for
particles of mass 2m and charge −2e in a magnetic field B. This should be projected to the LLL, which provides the
macroscopic degeneracy of the exciton energy levels. Owing to the increased coupling (−2eB) to the magnetic field,
the degeneracy is 2NΦ, twice that of the single-particle states.
On the other hand, the relative sector is mapped to a particle of mass m/2 and charge −e/2 in a magnetic field
B, subject to an attractive central potential −vd(r). Upon projection to the LLL, Hr becomes easy to solve since
the matrix elements of the potential are diagonal in the basis of LLL angular momentum eigenstates. Therefore the
binding energies are simply Haldane pseudopotentials, and are obtained using symmetric gauge wavefunctions with
magnetic length ˜`B =
√
2`B =
√
2/eB
Em = −〈ψmLLL| vd(r) |ψmLLL〉 = −
1
2m−1m!˜`2(m+1)B
∫
dr vd(r)r
2m+1e
− r2
2˜`2
B . (S21)
For the Coulomb interaction vd(r) = −e2/r, we obtain
Em = − e
2
`B
×
√
pi
2
(2m− 1)!!
2mm!
. (S22)
In terms of complex coordinates z = zh+ze2 and u = zh − ze, the general form of an exciton eigenfunction in the
m-th relative angular momentum channel is then
ψmexc ∼ f˜(z∗)ume
− |z|2
2`2
B e
− |u|2
8`2
B (S23)
9where f˜(z) is anti-analytic in z.
Magnetic Bloch Basis
In this section we construct the magnetic Bloch basis – this allows for an investigation into the effects of a periodic
potential, as well as an explicit route to calculating the Berry curvature of the exciton bands. We take one flux
per square unit cell a2 = 2pi`2B = 2pi. Following Ref. [6], the relation between the Landau gauge basis ck,τ and the
magnetic Bloch basis dk,τ on a system of size Lx = Nxa, Ly = Nya is
d†k,τ =
1√
Nx
Nx
2 −1∑
n=−Nx2
eiτkx(ky+nQ)c†ky+nQ,τ (S24)
c†ky+nQ,τ =
1√
Nx
∑
kx
e−iτkx(ky+nQ)d†k,τ (S25)
kx =
2pinkx
Nxa
, nkx = 0, . . . , Nx − 1 (S26)
ky =
2pinky
Nya
, nky = 0, . . . , Ny − 1. (S27)
where Q = 2pia = a is the BZ side length.
The uniform Berry curvature of the SP states can be explicitly verified. The magnetic Bloch functions are
ψk,τ (r) =
1√
Nx
Nx
2 −1∑
n=−Nx2
eiτkx(ky+nQ)φky+nQ,τ (r), (S28)
which obeys the boundary conditions appropriate for magnetic translations: ψk,τ (r + ayˆ) = e
ikyaψk,τ (r) and
ψk,τ (r + axˆ) = e
ikxaeiτQyψk,τ (r). The cell-periodic part is
uk,τ (r) = e
−ikrψk,τ (r) =
1√
NxLypi
1
2
∑
n
eiτkx(ky+nQ)e−ikxxeinQye−
[x−τ(ky+nQ)]2
2 , (S29)
from which we may calculate the Berry connection and curvature
a(k) = −i 〈u(k)|∂k|u(k)〉 = (0, τkx) (S30)
f = ∂kxay − ∂kyax = τ. (S31)
Therefore the band of LLL magnetic Bloch states (as well as higher LLs) has Chern number C = τ .
Interaction Hamiltonian
The position operator projected to the LLL is
ψ†τ (r) =
1√
Lypi
1
2
∑
k
e−ikye−
1
2 (x−τk)2c†kτ (S32)
k =
2pink
Nya
, k = −Nx
2
, . . . ,
Nx
2
− 1. (S33)
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The number density operator in momentum space projected to the LLL is
nτ (q) ≡
∫
dr e−iqrψ†τ (r)ψτ (r) (S34)
=
∫
dr e−iqr
1
Ly
√
pi
∑
k,k′
ei(k
′−k)y− 12 (x−τk)2− 12 (x−τk′)2c†kτ ck′τ (S35)
=
∫
dx e−iqxx
1√
pi
∑
k
e−
1
2 (x−τk)2− 12 (x−τ(k+qy))2c†kτ ck+qy,τ (S36)
= e−
q2
4
∑
k
e−iqxτ(k+
qy
2 )c†kτ ck+qy,τ . (S37)
We now rewrite this in terms of the magnetic Bloch operators
nτ (q) = e
− q24 1
Nx
∑
bkc,nk,kx,k′x
e−iqxτ(bkc+nkQ+
qy
2 )e−iτkx(bkc+nkQ)eiτk
′
x(bkc+nkQ+qy)d†(kx,bkc)τd(k′x,bk+qyc)τ (S38)
Where bkc means k mod Q which resides inside the 1BZ (which is defined here as the square with corners at (0, 0) and
(Q,Q)). We have used the decomposition k = bkc+nkQ where nk ∈ Z. Summing over nk leads to Nxδ(k′x = bqx + kxc)
since k′x is in the 1BZ by definition. Then
nτ (q) = e
− q24
∑
bkc,kx
e−iqxτ(bkc+
qy
2 )e−iτkxbkceiτbqx+kxc(bkc+qy)d†(kx,bkc)τd(bkx+qxc,bk+qyc)τ (S39)
= e−
q2
4
∑
k∈1BZ
eiτ
(
−qx(ky+ qy2 )−kxky+bkx+qxc(ky+qy)
)
d†kτdbk+qcτ . (S40)
The interaction Hamiltonian is
Hˆint =
1
2
∑
ττ ′
∫
drdr′ Uττ ′(r − r′)ψ†τ (r)ψ†τ ′(r′)ψτ ′(r′)ψτ (r) (S41)
=
1
2A
∑
q∈all
U˜ττ ′(q) : nτ (−q)nτ ′(q) : (S42)
with A = LxLy the area. Summation over τ, τ
′ is implied. We substitute the density operators below. In the second
equality, we split q ∈ all into a piece q ∈ 1BZ and a reciprocal lattice vector G, and define Q ≡ q +G (this should
not be confused with Q = 2pia )
Hˆint =
1
2A
∑
q∈all
∑
k,k′∈1BZ
U˜ττ ′(q)e
− q22 eiτ
(
qx(ky− qy2 )−kxky+b−qx+kxc(ky−qy)
)
eiτ
′
(
−qx(k′y+
qy
2 )−k′xk′y+bqx+k′xc(k′y+qy)
)
(S43)
× d†kτd†k′τ ′dbk′+qcτ ′dbk−qcτ (S44)
=
1
2A
∑
kk′q∈1BZ
∑
G
U˜ττ ′(Q)e
−Q22 eiτ
(
Qx(ky−Qy2 )−kxky+b−qx+kxc(ky−Qy)
)
eiτ
′
(
−Qx(k′y+
Qy
2 )−k′xk′y+bqx+k′xc(k′y+Qy)
)
(S45)
× d†kτd†k′τ ′dbk′+qcτ ′dbk−qcτ (S46)
≡1
2
∑
kk′q∈1BZ
Fττ ′(k,k
′, q)d†kτd
†
k′τ ′dbk′+qcτ ′dbk−qcτ (S47)
Relabelling momenta, we obtain
Hˆint =
1
2
∑
kpq∈1BZ
Mττ ′(k,p, q)d
†
bk+qcτd
†
bk+p−qcτ ′dbk+pcτ ′dkτ (S48)
Mττ ′(k,p, q) = Fττ ′(bk + qc, bk + p− qc, q) (S49)
Fττ ′(k,k
′, q) ≡ 1
A
∑
G
U˜ττ ′(Q)e
−Q22 eiτ
(
Qx(ky−Qy2 )−kxky+b−qx+kxc(ky−Qy)
)
eiτ
′
(
−Qx(k′y+
Qy
2 )−k′xk′y+bqx+k′xc(k′y+Qy)
)
(S50)
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For an initial state |G〉 fully polarized in τ = +, the TDHFA equations for the collective mode
|exc, q〉 = ψq(k)d†bk+qc,−dk,+ |G〉 are then
ωn(q)ψqn(k) =
∑
p
M++(k,p,p)ψqn(k)−
∑
k′
Mτ+(bk′ + qc, bk − k′ − qc, bk − k′c)ψqn(k′) (S51)
=
∑
p
F++(bk + pc,k,p)ψqn(k)−
∑
k′
Fτ+(bk + qc,k′, bk − k′c)ψqn(k′) (S52)
where n is the band index.
Berry Curvature of Valley-flip Exciton Bands
In the language of the magnetic Bloch basis, we can analytically compute the Berry curvature of the valley-flip
exciton, since we know the analytical form of the envelope wavefunction. Recall the the form of the exciton creation
operator γ†q,m for the m-th degenerate exciton level in the Landau gauge
γ†q,m =
∫
dk ψq,m(k)b
†(k, q) (S53)
b†(k, q) = c†k+q,−ck,+ (S54)
ψq,m(k) ∝ Hm
[√
2(k +
q
2
)
]
e−(k+
q
2 )
2
= ψ˜m(k +
q
2
) (S55)
where Hm is the m-th Hermite polynomial. ψ˜(k) is centered at the origin with mean zero. Now consider following
magnetic Bloch operator for the exciton
Γ†q,m ≡
1√
Nx
∑
n
γ†qy+2nQ,me
− iqx2 (qy+2nQ) (S56)
whose wavefunction is (after performing a PH transformation in the τ = + band)
ψexcq,m(re, rh) =
1√
Nx
∑
n
∫
dk ψ˜m (k) e
− iqx2 (qy+2nQ)φk+ qy2 +nQ,−(re)φ
∗
k− qy2 −nQ,+
(rh). (S57)
To verify that this is the right candidate, we check the magnetic Bloch theorem by shifting the exciton CM coordinate
R = re+rh2
ψexcq,m(re + axˆ, rh + axˆ) = e
−i(2Q) ye+yh2 eiqxaψexcq,m(re, rh) (S58)
ψexcq,m(re +
a
2
yˆ, rh +
a
2
yˆ) = eiqy
a
2ψexcq,m(re, rh). (S59)
In the first line, the factor of two in the phase e−i(2Q)
ye+yh
2 reflects the fact that the exciton has twice the coupling
to the magnetic field (compare with the SP case earlier). Therefore, the magnetic unit cell shrinks by a factor of two
in the y-direction, so that the magnetic BZ of the exciton doubles in area.
The ‘cell-periodic’ part of the Bloch function is uexcq (re, rh) = exp(−iq · re+rh2 )ψexcq (re, rh), and we can straightfor-
wardly compute the Berry connections
− i 〈uq| ∂qx |uq〉 = 0, −i 〈uq| ∂qy |uq〉 = −
qx
2
(S60)
leading to a curvature fxy = − 12 . Integrated over the doubled magnetic BZ, this leads to C = −1.
Periodic Potential
Consider applying a potential Vp(x, y) that is periodic in the square lattice. This enters the Hamiltonian as
HˆSPτ =
∫
dr Vp(x, y)ψ
†
τ (r)ψτ (r). (S61)
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FIG. 4. a) Bandwidth of lowest exciton band with as a function SP bandwidth parameterized by w. The SP potential is chosen
as Vp(x, y) = −w(cos( 2pixa ) + cos( 2piya )). b) Band gap between the first and second exciton bands with w. c) Berry curvature
(normalized so that the mBZ sum over all cells is quantized in units of 2pi) at w = 0.005. d-f) Same as a-c) except that the
parameter being changed is the curvature of the underlying SP bands. The distortion of the bands used is w(ky) = f sin(ky/Q).
Note that we restrict ourselves to identical potentials on both valleys, to preserve the time-reversal relation between
the two. Since we are in the LLL, any periodic potential is diagonal in the magnetic Bloch basis. In particular,
harmonics of the potential are mapped to the following dispersions
cos(
2pinxx
a
+ φx)→ k,τ = e−
n2xpi
2 cos(τnxkya+ φx) (S62)
cos(
2pinyy
a
+ φy)→ k,τ = e−
n2ypi
2 cos(τnykxa+ φy) (S63)
For the TDHFA, this perturbation will appear on the RHS of S51 as a diagonal contribution of bk+qc,− − k,+. In
Fig. 4a-c, we have used the potential Vp(x, y) = −w(cos( 2pixa ) + cos( 2piya )). The effect of the potential is to induce
dispersion in the previously flat bands, as well as to redistribute the exciton Berry curvature. However the bands are
still topological for finite w.
Distorted Landau Level States
To introduce Berry curvature inhomogeneity, we consider distorting the Landau gauge eigenstates with a ‘wobble’
factor respecting the square lattice periodicity w(k + Q) = w(k), and the time-reversal relation of the two valleys
w(−k) = −w(k)
φk,τ (w; r) =
1√
Lypi
1
2
eikye−
[x−τ(k+w(k))]2
2 . (S64)
From this the distorted magnetic Bloch can be defined in analogy to Eq. (S28). This perturbs the uniform Berry
curvature in the y-direction, as can be explicitly verified
a(k) = −i 〈u(w;k)|∂k|u(w;k)〉 = (−τw(ky), τkx) (S65)
f = ∂kxay − ∂kyax = τ + τ∂kyw(ky), (S66)
but leaves the Chern number unchanged at C = τ .
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The TDHFA equations are the same except that the interactions are altered such that F in Eq. (S50) is replaced
with
Fττ ′(k,k
′, q) ≡ 1
A
∑
G
U˜ττ ′(Q)e
−Q
2
x
2 exp
[−1
4
(
[Qy + w(ky)− w(ky − qy)]2 +
[
Qy + w(k
′
y + qy)− w(k′y)
]2)]
× exp
[
iτ
(
Qx
[
2ky −Qy + w(ky) + w(ky − qy)
2
]
− kxky + bkx − qxc(ky −Qy)
)]
× exp
[
iτ ′
(
−Qx
[
2k′y +Qy + w(k
′
y) + w(k
′
y + qy)
2
]
− k′xk′y + bk′x + qxc(k′y +Qy)
)]
.
(S67)
In Fig. 4d-f, we have used w(ky) = f sin(ky/Q). The effect of the distortion is to induce dispersion in the previously
flat bands, as well as to redistribute the exciton Berry curvature. However the bands are still topological for finite f .
Equations for General Bloch Bands
In this section, we outline the equations governing single-exciton spectra and wavefunctions for generic sets of
electronic bands. The Hilbert space is restricted to a set of electronic bands indexed by τ , which we call valley, but
can generically refer to spin, band, etc. The electron creation operators are d†k,τ . For concreteness we work on a
system with N = N1×N2 unit cells in 2D (the discussion here generalizes to any dimension). d†k,τ creates an electron
in the state 1√
N
eikrukτ (r) where ukτ (r) is normalized to the unit cell. The Hamiltonian is
Hˆ = Hˆ int + HˆSP (S68)
=
1
2
∑
kpq∈1BZ,τ,τ ′
Mττ ′(k,p, q)d
†
bk+qc,τd
†
bk+p−qc,τ ′dbk+pc,τ ′dk,τ +
∑
k,τ
SPτ (k)d
†
k,τdk,τ . (S69)
If required, the single-particle term SPτ (k) can include the interactions with any neutralizing background charge. The
floor notation bkc indicates the crystal momentum of k, i.e. k measured modulo RLVs to bring it back to the 1BZ,
taken as [0, 2pi), [0, 2pi) in appropriate units. (An alternative would have been to specify boundary conditions for the
d†k,τ .)
We are always at integer filling of the bands, and assume that the system (whether due to interactions or dispersion)
fully polarizes into a subset of the bands in the ground state. This subset of filled bands is indexed by τf so that the
ground state is always
|G〉 =
∏
τf
∏
k
d†kτf |vac〉 (S70)
Matrix Elements
The matrix elements Mττ ′(k,p, q) are obtained as follows. The interaction Hamiltonian, which is density-density
between valleys, is
H int =
1
2A
∑
q∈all,ττ ′
U˜ττ ′(q) : nτ (−q)nτ ′(q) : (S71)
where the interaction is Uττ ′(r) =
1
A
∑
q∈all e
iqrU˜ττ ′(q) and A is the area of the sample. The density operator is
nτ (q) =
∫
dr eiqrψ†τ (r)ψτ (r) (S72)
=
1
N
∫
dr
∑
k,k′∈1BZ
e−ikr+ik
′r+iqru∗kτ (r)uk′τ (r)d
†
kτdk′τ (S73)
=
1
N
∑
k,k′∈1BZ,R
∫
UC
dr ei(−k+k
′+q)rei(−k+k
′+q)Ru∗kτ (r)uk′τ (r)d
†
kτdk′τ (S74)
=
∑
k∈1BZ
∫
UC
dr ei(bk−qc−k+q)ru∗kτ (r)ubk−qcτ (r)d
†
kτdbk−qcτ . (S75)
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Therefore after taking q → −q and decomposing q → q +G with q ∈ 1BZ and G ∈ RLV, we get
H int =
1
2A
∑
kk′q∈1BZ,G∈RLV,ττ ′
˜Uττ ′(q +G)
∫
UC
drdr′ ei(−dk−qe+G)rei(−dk
′+qe−G)r′
× u∗kτ (r)u∗k′τ ′(r′)ubk′+qcτ ′(r′)ubk−qcτ (r)d†kτd†k′τ ′dbk′+qc,τ ′dbk−qc,τ
(S76)
where dke denotes the RLV part of k, so that k = dke+ bkc. By the appropriate sequence of summation shifts, this
can be recast as
Mττ ′(k,p, q) =
1
A
∑
G∈RLV
˜Uττ ′(q +G)
∫
UC
drdr′ ei(dk+qe+G)rei(−dk+pe+dk+p−qe−G)r
′
(S77)
× u∗bk+qcτ (r)u∗bk+p−qcτ ′(r′)ubk+pcτ ′(r′)ukτ (r). (S78)
Ground State Energy
It will be useful to compute the ground state energy, since this is baseline from which exciton energies are defined.
We have
EGS =
1
2
∑
k,p,τf
[∑
τf′
Mτfτf′ (k,p,0)−Mτfτf (k,p,p)
]
+
∑
kτf
SPτf (k). (S79)
Exciton Equations
We are interested in states that involve a hole in band τ0 ∈ τf and an electron in band τ1 /∈ τf . This Hilbert
subspace is spanned by the N2 PH states
|k, q〉 = d†bk+qc,τ1dk,τ0 |G〉 . (S80)
Exciton states can be parameterized as
|exc, q〉 =
∑
k
ψq(k) |k, q〉 . (S81)
Solving in the one PH subspace leads to the following equations
ωqψq(k) =
[∑
p
Mτ0τ0(k,p,p)+
∑
p,τf
(
Mτ1τf (k + q,p,0)−Mτ0τf (k,p,0)
)
+
(
SPτ1 (k + q)− SPτ0 (k)
)]
ψq(k) (S82)
−
∑
k′
Mτ1τ0(bk′ + qc, bk − k′ − qc, bk − k′c)ψq(k′). (S83)
where ωq is the excitation energy. The first term is the exchange cost for the annihilated electron. The second pair
of terms is the direct interaction of the exciton with the filled bands. The third pair is the contribution from the
single-particle dispersion. The last term represents the electron and hole interactions. It is important to retain the
same gauge for the SP wavefunctions when calculating the matrix elements and constructing the exciton wavefunction.
The resulting spectrum is organized into N bands, each with N states corresponding to the N values of q.
Twisted Bilayer Graphene
We are primarily interested in working at ν = +3. The simplest calculation involves projecting to the four
conduction bands in the presence of a gapping substrate perturbation. Without loss of generality, we start from the
QAH state with filled (+ ↑), (− ↓), (− ↓) bands (where ± is valley K/K ′). The input to the exciton equations consists
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of the SP Bloch wavefunctions and energies. These are obtained from the Bistritzer-MacDonald continuum model [21]
which works in a plane wave expansion. The Hamiltonian for valley K is
〈k, 1|H |k′, 1〉 = ~v0σ∗θ/2 · (k −K1) δk,k′ (S84)
〈k, 2|H |k′, 2〉 = ~v0σ∗−θ/2 · (k −K2) δk,k′ (S85)
〈k, 1|H |k, 2〉 = T1δk−k′,0 + T2δk−k′,bM1 + T3δk−k′,bM2 (S86)
σ∗θ/2 = e
−(iθ/4)σz (σx, σ∗y)e
(iθ/4)σz (S87)
T1 =
(
wAA wAB
wAB wAA
)
(S88)
T2 =
(
wAA wABe
iφ
wABe
−iφ wAA
)
(S89)
T3 =
(
wAA wABe
−iφ
wABe
iφ wAA
)
(S90)
φ =
2pi
3
(S91)
where v0 ' 9×105 ms-1 is the bare Fermi velocity, wAA(wAB) is the interlayer hopping amplitude between sublattices
AA(AB), and K1(2) is the monolayer Dirac point rotated by ±θ/2 for layer 1(2). The Moire´ reciprocal lattice
vectors are b1(2) =
√
3kθ(±1/2,
√
3/2), where the Moire´ wavevector kθ =
8pi
3
√
3a
sin θ2 and carbon-carbon bond length
a = 1.42A˚. The Pauli matrices act in sublattice space. At this stage, k is defined from the true zero-momentum point.
A Bloch state is then written as
ukτ (r) = e
iτXr
∑
G,a
eiGrcGτa(k) |a〉 (S92)
where cGτa(k) are the plane wave coefficients, and a is a species index encompassing both layer and sublattice degrees
of freedom. X is taken to be the vector between the true zero momentum point and ΓM which is the centre of the
Moire´ BZ. k is now taken to be defined with respect to X.
The central building blocks are the form factors
λG,τ (k,k
′) =
∑
G′∈RLV,a
c∗G′+G,τa(k)cG′,τa(k
′). (S93)
In practice when numerically solving the continuum model, some fixed plane wave cutoff is enforced. We choose the
cutoff to be at least four Moire´ RLVs from ΓM, and check that the energies converge. There is a limit to the possible
|G|’s that can be computed for the form factors. The maximum |G| of interest depends on the decay of the interaction
potential.
The general matrix element (Eq. (S78)) is expressed in terms of the form factors
Mττ ′(k,p, q) =
1
A
∑
G∈RLV
U˜(q +G)λG+dk+qe,τ (bk + qc,k)λ∗G+dk+pe−dk+p−qe,τ ′(bk + pc, bk + p− qc). (S94)
The matrix element above decays for large |G| because the interaction potential decreases, and the form factors drop
off (the coefficients c are peaked in the 1st Moire´ BZ).
Exciton Berry Curvature
In this section, we review how to characterize the curvature [3] and topology of exciton bands. For the sake of
notation, it will be useful to recap how it works in standard SP bands. We assume for simplicity that each UC has a
finite-orbital basis (indexed by α, β). SP Bloch states are defined
|φk,τ 〉 =
∑
α
uk,τα |k, α〉 = 1√
N
∑
R,α
uk,ταe
ikR |R, α〉 (S95)
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where τ is a band index. We can only compare states with the same boundary conditions [19], so we consider the
cell-periodic u’s
|uk,τ 〉 ≡ e−ikrˆ |φk,τ 〉 = 1√
N
∑
R,α
uk,τα |R, α〉 . (S96)
The connection and curvature are then
aτ (k) = −i
∑
α
u∗k,τα∂kuk,τα (S97)
fτ (k) = ∂kxaτ,y(k)− ∂kyaτ,x(k). (S98)
This same curvature is probed numerically by evaluating gauge-invariant fluxes [20]
fτ (k) ∼ Im log 〈uk,τ |uk+2ˆ,τ 〉 〈uk+2ˆ,τ |uk+1ˆ+2ˆ,τ 〉 〈uk+1ˆ+2ˆ,τ |uk+1ˆ,τ 〉 〈uk+1ˆ,τ |uk,τ 〉 , (S99)
the integral of which is the Chern number. In the case that there are bands that are not completely energetically
isolated, the above can be generalized to compute the Chern index of the set of bands [20].
Recall the general form of our excitons |exc, q〉 = ∑k ψ˜q(k)d†k+q,−dk,+ |G〉 from Eq. (S81) (note the tilde). There
are now two important steps. First, we perform a particle-hole transformation in the τ = − band so that we can work
with two-particle states. Second, we need to be careful about CM and relative decomposition. The point is that the
CM momentum should be defined in order to properly couple to the CM position R = r1+r22 . Therefore we define
the exciton state as
|ψexcq 〉 =
∑
k
ψq(k) |φk+ q2 ,−〉 |φ∗k− q2 ,+〉 (S100)
where ψq(k) = ψ˜q(k − q2 ). Now for a finite-orbital basis
|ψexcq 〉 =
∑
k
ψq(k)
∑
αβr1r2
uk+ q2 ,−αu
∗
k− q2 ,+βe
i(k+ q2 )r1e−i(k−
q
2 )r2 |r1, α〉 |r2, β〉 (S101)
|uexcq 〉 ≡ e−iq(
rˆ1+rˆ2
2 ) |ψexcq 〉 =
∑
k
ψq(k)
∑
αβr1r2
uk+ q2 ,−αu
∗
k− q2 ,+βe
ik(r1−r2) |r1, α〉 |r2, β〉 , (S102)
where the u’s are defined so that they have the same CM boundary conditions for different q. Hence a sensible
connection can be defined analogously to the single-particle case
aexc(q) ≡ −i 〈uexcq | ∂q |uexcq 〉 (S103)
= −i
∑
k
ψ∗q(k)∂qψq(k) +
1
2
∑
k
|ψq(k)|2a−(k + q
2
) +
1
2
∑
k
|ψq(k)|2a+(k − q
2
). (S104)
The exciton curvature is
f exc(q) ≡∂qxaexcy (q)− ∂qyaexcx (q) (S105)
=− i
∑
k
[(
∂qxψ
∗
q(k)
)(
∂qyψq(k)
)− (∂qyψ∗q(k))(∂qxψq(k))] (S106)
+
1
4
∑
k
|ψq(k)|2f−(k + q
2
)− 1
4
∑
k
|ψq(k)|2f+(k − q
2
) (S107)
+
1
2
∑
k
[(
∂qx |ψq(k)|2
)(
a−,y(k +
q
2
)
)
+
(
∂qx |ψq(k)|2
)(
a+,y(k − q
2
)
)− (x↔ y)] (S108)
It can be verified that the curvature is gauge-invariant under the following transforms
|φk,−〉 → eiϕ−(k) |φk,−〉 (S109)
|φk,+〉 → eiϕ+(k) |φk,+〉 (S110)
ψq(k)→ ei
(
ϕ+(k− q2 )−ϕ−(k+ q2 )
)
eiθ(q)ψq(k). (S111)
Numerically the curvature is probed by evaluating gauge-invariant loops, similarly to the SP case
f(k) ∼ Im log 〈uexck |uexck+2ˆ〉 〈uexck+2ˆ|uexck+1ˆ+2ˆ〉 〈uexck+1ˆ+2ˆ|uexck+1ˆ〉 〈uexck+1ˆ|uexck 〉 . (S112)
